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Abstract 

We shall give an axiomatic construction of Wess-Zumino-Witten 
actions valued in G = SU(N), N > 3. It is realized as a functor WZ 
from the category of conformally flat four-dimensional manifolds to 
the category of line bundles with connection that satisfies, besides the 
axioms of a topological field theory, the axioms which abstract the 
characteristics of Wess-Zumino-Witten actions. To each conformally 
flat four-dimensional manifold S with boundary T = <9£, a line bundle 
L = WZ(T) with connection over the space TG of mappings from T to 
G is associated. The Wess-Zumino-Witten action is a non-vanishing 
horizontal section WZ(T,) of the pullback bundle r*L over T,G by the 
boundary restriction r : EG — > TG. WZ(Y,) is required to satisfy a 
generalized Polyakov-Wiegmann formula with respect to the pointwise 
multiplication of the fields XC7. Associated to the WZW-action there 
is a geometric description of the extension of the Lie group Q 3 G due 
to J. Mickelsson. In fact we have two abelian extensions of Q 3 G that 
are in duality. 
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Introduction 



In this paper we shall give an axiomatic construction of the Wess-Zumino- 
Witten action. Axiomatic approaches to field theories were introduced by G. 
Segal in two-dimensional conformal field theory (CFT), and by M. F. Atiyah 
in topological field theory, [ 1, 16 ]. The axioms abstract the functorial 
structure that the path integral would create if it existed as a mathemati- 
cal object. Thus a CFT is defined as a Hilbert space representation of the 
operation of disjoint union and contraction on a category of manifolds with 
parametrized boundaries. The functional integral formalism was also ex- 
plored by Gawedzki [ 7 ] to explain the WZW conformal field theory. M. 
A. Singer [ 18 ] proposed a four-dimensional CFT in the language of Pen- 
rose's twistor space, where Riemann surfaces of two-dimensional CFT were 
replaced by conformally flat four-dimensional manifolds. 

In a four-dimensional Wess- Zumino-Witten model the space of field con- 
figurations is the space of all maps from closed four-dimensional manifolds 
with or without boundary into a compact Lie group. We know from the 
discussions in [ 18, 21 ] that the geometric setting for CFT is most naturally 
given by the category of conformally flat manifolds. So we adopt this cat- 
egory of manifolds also for our WZW model. Let £ be a conformally flat 
four-dimemsional manifold with boundary T = <9£ which may be the empty 
set. Let G = SU(N) with N > 3. The amplitude of the WZW model is 
given formally by the functional integration over fields / G EG = Map(S, G) 
with the boundary restriction equal to the prescribed g G YG = Map(T, G): 

Av(g)= [ exp{27ri5 s (/)}P/, (0.1) 

Jf&G;f\T=g 

where Se(/) is defined by; 

S ^f) = ~^2 Jjr(df- l A*df) + Cz(f). 

Since we deal with contributions that are topological in nature we omit the 
first term ( kinetic term ). The exponential of the second term 

WZ(E)(f)=exp{2mC^(f)} (0-2) 

is called the Wess-Zumino-Witten action. ( In [ 7, 8 ] it is called an amplitude 
or a probability amplitude. In [ 3 ] it is called the Wess-Zumino-Witten 
action.) When £ has no boundary C s (/) is defined by 
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where / is an extension of / to a 5-dimensional manifold B 5 with boundary 
dB 5 = E. Since E is a compact conformally flat manifold it is the boundary 
of a five-dimensional manifold B 5 . But it is not clear that we can take such 
a smooth extension of / over B 5 . If E is simply connected it is conformally 
equivalent to a four-dimensional sphere, and then, since vr 4 (G) = 1, there 
exists a smooth extension of / to the five-dimensional disc D 5 and C s <±{f) is 
defined up to Z, that is, exp{27riCs4(/)} is well defined. The problem arises 
as to how to define the action WZ(E)(f) for general E without boundary. On 
the other hand in ( 0.1 ) we are dealing with a four- manifold with boundary, 
so we must also give the definition of the action WZ(E)(f) for E with non- 
empty boundary. The above discussions lead to the following conclusion: A 
four-dimensional Wess-Zumino-Witten ( WZW ) model means to assign a 
proper definition of the action WZ(H)(f) to every compact conformally flat 
four-manifold E with or without boundary. 

We shall construct the actions WZ(H) as the objects that satisfy several 
axioms. Our WZW actions are associated to four-dimensional manifolds with 
boundary and respect the functorial properties of various operations on the 
basic manifolds. Hence we impose on WZ{Yi) several axioms that are similar 
to those of topological field theories. Axioms of topological field theories 
were introduced by M. F. Atiyah in [ 1 ]. They apply to a functor from the 
category of topological spaces to the category of vector spaces. K. Gawedzki 
explored in the same spirit the axioms which characterize the amplitudes of 
two-dimensional WZW theory, [ 7 ]. Since our objects are not the amplitudes 
but the actions of the field, we describe our four-dimensional WZW theory 
as a functor W Z from the category of four-manifolds with boundary to the 
category of complex line bundles. This functor is required to satisfy the in- 
volutory axiom, the multiplicativity axiom and the associativity axiom that 
represent respectively the orientation reversal and the operations of disjoint 
union and contraction of the basic manifolds. Next we shall introduce two 
axioms that are characteristic of WZW models. We know that the action 
functional in field theory has topological effects, that is, it gives rise to the 
holonomy of a connection. So we require as our next axiom that the ac- 
tion WZ{Yi) gives rise to a four-dimensional analogue of parallel transport 
associated to a connection of the complex line bundle. Higher-dimensional 
parallel transports as well as holonomies were discussed by Y. Terashima, [ 
19 ], following the idea of Gawedzki in [ 8 ] that relates isomorphism classes of 
line bundles with connection and the ?7(l)-holonomy coming from WZW ac- 
tion. The fundamental property of the WZW action is its behavior under the 
pointwise multiplication of fields. It is expressed by the Polyakov-Wiegmann 
formula, [ 13 ], and its generalization to four- dimensional sphere was given by 
J. Mickelsson,[ 11 ]. As our last axiom we demand that WZ(Y) satisfies the 
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generalized Polyakov-Wiegmann foumula over EG. More precisely the WZW 
actions can be stated as follows. A four- dimensional WZW model means a 
functor WZ that assigns to each manifold E, and its boundary T = <9E, a line 
bundle L = WZ(T) over the space of maps TG, and a non-vanishing section 
WZ(Tj) over EG of the pullback line bundle r*L by the boundary restriction 
map r : EG — > TG. The functor WZ satisfies the axioms of topological 
field theories. We demand that each line bundle WZ(T) has a connection 
and that WZ(T,) is parallel with respect to the induced connection on r*L. 
We impose moreover that on r*L there is defined a product which is equiv- 
ariant with respect to the product on EG through the Polyakov-Wiegmann 
formula: 



WZ(E)(fg) = WZ(Z)(f) * WZ{T){g) for f,ge EG. (0.4) 



We shall see that WZ(Y) is a positive integer for a compact E. 

Here is a brief summary of each section. In section 1, we explain following 
[ 18 ] that the category of conformally flat manifolds fits most naturally the 
construction of axiomatic CFT and our WZW model. In 1.2 we introduce 
the axioms of our WZW model. Gawedzki in [ 7 ] gave two line bundles in 
duality over the loop space LG that correspond to the 2-cocycles obtained 
by transgressing the 3-curvature on G. In the same spirit we shall give in 
section 2 two line bundles WZ(S 3 ) and WZ((S 3 )') in duality over Q^G that 
correspond to the 2-cocycles obtained by transgressing the 5-form over G. 
Here fi^G is the space of smooth maps from S 3 to G that have degree 0. In 
fact we have a two-form on JljjG; 



which generates the integral cohomology class ^(Q^G, Z). Hence it de- 
fines a line bundle with connection on OqG, with the curvature (3. This is 
WZ(S 3 ). Let DG be the space of maps from a hemisphere D to G and 
let D'G be the space of maps for the other hemisphere. We shall give a 
non-vanishing section WZ(D) of the pullback line bundle of WZ(S 3 ) by 
the boundary restriction map r : DG — > QqG. Intuitivvely WZ(D)(f) is 
the holonomy associated to the curvature f3 over the four-dimensional path 
/ G DG. Similarly we have a non-vanishing section WZ(D') of the pull- 
back line bundle of WZ((S 3 )') by r' : D'G — ► tt 3 G. The connections on 
WZ(S 3 ) and WZ((S 3 )') are given in 2.8, with respect to which WZ(D) and 
WZ(D') are parallel respectively. In section 3 we construct the functor WZ. 
The line bundle WZ(T) is defined as the tensor product of WZ(Tj) for each 
boundary component 1^ parametrized by S* 3 , while each WZ(Ti) is defined 




(0.5) 
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as the pullback of WZ(S 3 ) or WZ((S 3 )') by the map TiG — ► S 3 G coming 
from the parametrization. The non-vanishing section WZ(E) of r*WZ(T) 
is defined from the non-vanishing sections WZ(D) and WZ(D') by cutting 
and pasting methods and by using the dual relations, i.e. the associativ- 
ity axiom. The connection on WZ(T) is induced from those on WZ(S 3 ) 
and WZ((S 3 )') by a standard procedure. WZ satisfies the axioms that ab- 
stract the functorial structure of the WZW actions. In particular we have 
the Polyakov-Wiegmann formula generalized to EG for any conformally flat 
four-manifold E. In section 4 we shall discuss extensions of the Lie group 
Q^G . It is a well known observation that the two-dimensional WZW ac- 
tion gives a geometric description of central extensions of the loop group, [ 
2, 7 ]. The U(l)— principal bundle over f^G associated to the line bundle 
WZ(S 3 ) however does not have any group structure . Instead J. Mickels- 
son in [ 11 ] gave an extension of Q^G by the abelian group Map(A^, U(l)), 
where A3 is the space of connections on S* 3 . We shall explain two extensions 
of Mickelsson's type that are dual to each other. 

1 Axioms for a 4- dimensional WZW model 
1.1 

The basic components of four-dimensional CFT are some well behaved class 
of four-dimensional manifolds M with parametrized boundaries, together 
with the natural operations of disjoint union 

(M 1 ,M 2 ) — ► Mi U M 2 , 

and contraction 

M — > M, 

where M is obtained from M using the parametrization to attach a pair of 
boundary three-spheres to each other. A four-dimensional CFT is then de- 
fined as a Hilbert space representation of the operation of disjoint union and 
contraction on these basic components. Now we know that the geometric set- 
ting for this CFT is most naturally given by the conformal equivalence classes 
of conformally flat four-dimensional manifolds. This fact was explained by 
M. A. Singer [ 18 ] , R. Zucchini [ 21 ] and Mickelsson-Scott [ 12 ]. 

Here we shall see following [ 18 ] the fact that the class of compact con- 
formally flat four- dimensional manifolds with boundary is closed under the 
operation of sewing manifolds together across a boundary component. For 
any conformally flat M the developing map M — > S* 4 is a well defined con- 
formal local diffeomorphism. A closed 3-manifold N C M is called a round 
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S* 3 in M if it goes over diffeomorphically to a round S* 3 in S 4 under devel- 
opment. This is well defined because the developing map is unique up to 
composition with conformal transformations. For standard M, the bound- 
ary dM consists of a disjoint union of round S 3 s, [ 15 ]. For each boundary 
component B one can find a neighborhood of B in M and a conformal dif- 
feomorphism of this neighborhood onto a neighborhood of the equator in the 
northern hemisphere of S 4 . If we have two boundary components B and B 
of M and an orientation reversing conformal diffeomorphism ip : B — > B, 
then B and B can be attached using ip and the resulting manifold will have 
a unique conformally flat structure compatible with the original one on M. 

1.2 

Now we give the precise definition of a four- dimensional WZW model. 

Let M.± be the conformal equivalence classes of all compact conformally 
flat four- dimensional manifolds M with boundary dM = \J ieI Tj such that 
each oriented component Tj is a round S 3 , and is endowed with a parametriza- 
tion pi : S 3 — > Tj. We distinguish positive and negative parametrizations 
Pi : S 3 — > Fi , i e I±, depending on whether pi respects the orientation of 
Ti or not. 

Let M. be the category whose objects are three-dimensional manifolds 
r which are disjoint unions of round S' 3 s. A morphism between three- 
dimensional manifolds Ti and T2 is an oriented cobordism given by E e Ma 
with boundary <9£ = T 2 U(r'i), where the upper prime indicates the opposite 
orientation. 

Let C be the category of complex line bundles. 

Let G = SU(N),N > 3. In the following the set of smooth mappings 
from a manifold M to G that are based at some point po G M is denoted by 
MG = Map(M, G). MG becomes a group under product of mappings. For 
a E G M.4 with boundary T = <9£, r denotes the restriction map 

r '■ — >■ TG, r(/) = /|r. (1.1) 

A four-dimensional WZW model means a functor WZ from the category 
M. to the category £ which assigns: 

WZ1, to each manifold T G At, a complex line bundle WZ(T) over the 
space TG, 

WZ2, to each E G .M4, with <9E = T, a non-vanishing section W Z(Y,) of 
the pullback line bundle r*WZ(T) . 
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Recall that the pullback bundle is by definition 



r*WZ{Y) = {(/, u) G EG x WZ(F); ixu = r(f), } (1.2) 
and the section WZ(E) is given at f £ EG by 

WZ(E)(f) = (/,«) with « G ^(rao) = wz(r) r(/) . 

being a functor from A4 to C, a conformal diffeomorphism a : 
Ti — > T 2 induces an isomorphism WZ(a) : WZ(Yi) — > WZ(T 2 ) such 
that WZ(f3a) = WZ((5)WZ(a) for (3 : T 2 — ► T 3 . Also if a extends to a 
conformal diffeomorphism Si — > £ 2 , with <9£j = Tj, « = 1, 2, then WZ(a) 
takes WZ^) to WZ(Ei). 

The functor PFZ satisfies the following axioms. A1,A2 and A3 represent 
in the category of line bundles the orientation reversal and the operation of 
disjoint union and contraction. These axioms are stated in the same manner 
as in topological field theories, [ 1 ]. Axioms A4 and A5 are characteristic 
of the WZW model. 

Al ( Involution ): 

WZ(V) = WZiYf (1.3) 
where * indicates the dual line bundle. 

A2 ( Multiplicativity ): 

WZ(T 1 UT 2 ) = WZ{Y 1 )®WZ{Y 2 ). (1.4) 

A3 ( Associativity ): 

For a composite cobordism E = £1 Ur 3 £2 such that <9£i = Ti U T 3 and 
<9£ 2 = T 2 U r' 3 , we have 

WZ(E)(f) =< WZ{Y. 1 ){f 1 ), WZ(E 2 )(f 2 ) >, (1.5) 

for any / G EG, fa = /|£j, i=l,2, where < , > denotes the natural 
pairing 

WZ(T l )®WZ{Tz)®WZ(T' 3 )®WZ{T 2 ) — ► W Z^^W Z{T 2 ). (1.6) 

More precisely, let WZ(Si)(/i) = (/i,«i®u) and WZ(L 2 )(f 2 ) = (f 2 ,u 2 ®v') 
with Ui G WZ^i) for i = 1,2, and u G WZ(r 3 )) , u' G WZ(r 3 ). From the 
definition Ui G 7r~ 1 (/j|r i ), t> G 7r _1 (/i|r 3 ) and v' G 7r _1 (/ 2 |r 3 ). On the 
other hand, let WZ(E)(f) = (f,w 1 <g> w 2 ) G WZ(T 1 ) <g> WZ(r 2 ) with ^ G 
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7r 1 (/|r i ), for % — 1, 2. Then axiom A3 says that w\ ®w 2 =< v', v > u\ ®u 2 . 
The multiplicative axiom A2 asserts that if <9E = T 2 U(r'i) , then WZ(Y) is 

a section of 

r^Z^) <g> r* 2 WZ(T 2 ) = Hom(r* 1 WZ(T 1 ),r* 2 WZ(T 2 )). (1.7) 

Therefore any cobordism E between Ti and T 2 induces a homomorphism of 
sections of pullback line bundles 

WZ{T) : C°°(E, rJWZ(ri)) — ► C°°(E, r^Z(r 2 )). (1.8) 

We impose: 
1. 

WZ(4>) = C for the empty 3-dimensional manifold, (1.9) 

2. 

WZ(S 4 ) = 1 (1.10) 

3. 

WZ{T x [0, 1]) = Id.(WZ(T) — ► WZ{Y)). (1.11) 
Corollary 1.1. 7/E /ias no boundary (<9E = 0), i/ien WZ(Y) e C . 
The following axioms are characteristic of WZW models. 

A4 For each E G A< 4 with T = <9E, W^Z(r) has a connection, and WZ(Z) 
is parallel with respect to the induced connection on r*WZ(T) . 

A5 ( Generalized Polyakov-Wiegmann formula ): For each E G M4 with 
T = (9E, on the pullback line bundle r*WZ(T) is defined a product * 
with respect to which we have 

WZ(Y,)(fg) = WZ(E)(f)*WZ(Y,)(g) for any f,gE EG. (1.12) 

The well known Polyakov-Wiegmann formula extended by J. Mickelsson [ 11 
] is concerned with the case of the four-dimensional sphere, E = S* 4 . 

From now on we shall construct the functor WZ step by step. In section 
2.5 we shall construct two line bundles over S 3 G, which are WZ(S 3 ) and 
WZ((S 3 )'). In section 3 we give the functor WZ of WZW actions step by 
step starting from WZ(S 3 ) and WZ((S 3 )'). 
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2 Line bundles on Q 3 G 



2.1 

In the following we denote by £l 3 G, instead of S 3 G, the set of smooth map- 
pings / from a S 3 to G = SU(N) that are based, i.e., f(p ) = 1, at some 
point p G S 3 . It is known that Q 3 G is not connected and is divided into 
denumerable sectors labelled by the soliton number ( the mapping degree 
). Here we follow the explanation due to I. M. Singer of these facts [ 17 ], 
see also [4, 10 ]. Let the evaluation map, ev : S* 3 x il 3 G — > G, be de- 
fined by ev(m,tp) = (p(m), m G S 3 , tp G Q 3 G . The Maurer-Cartan form 
g~ l dg on G gives the identification of the tangent space T e G at e G G and 
LieG = su(N). The primitive generators of the cohomology H*(G,K) are 
given by 

^3 = -^trig-'dg) 3 , u b = ^tr^dg) 5 , ■■■ . (2.1) 

Integration on S* 3 of the pull back of u)2k-i by the evaluation map ev gives 
us the following 2(k — 2) form on Q 3 G; 

^' = <^> wSjC*^" 1 ^ 1 - 3<2*-l<2iV-l. (2.2) 
In particular v 3 is the mapping degree of ip; 

deg<p = -^Jtr(d<p<p- 1 ) 3 . (2.3) 

Proposition 2.1. 1. 

is exact. 

2. 

deg </?i • ip 2 = deg </?i + deg y? 2 . 

See [ 4, 10 ]. 
2.2 

Let Pg be a G-principal bundle over S* 4 . Let ^4 be the space of connections 
on P G , that are LieG-valued one-forms on P G . Let Q = S 4 G be the group 
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of based gauge transformations. The action of Q on A is given by A g = 
g~ x Ag + g^dg for A e A and g e Q. F = F(A) = dA + A 2 denotes the 
curvature two-form of A. 

The Chern-Simons form on Pq is 

u° 5 (A)=tr(AF 2 - 1 -A 3 F+±A 5 ). (2.4) 

We have then tr(F 3 ) = du°(A). 
From [ 22 ] we know the relation 

u° 5 (A g ) - u° 5 (A) = da A (A; g) + ±tr(dg ■ g' 1 ) 5 , 

with 

a,(A; 9) = tr[ ~\v{AF + FA- A 3 ) + i(V A) 2 + ±V*A], (2.5) 

where V — dg ■ g~ l . 

Let D 5 be a five dimensional disc with boundary dD 5 = S 4 . Integration 
over D 5 gives us the gauge anomaly : 

T(A,g) = ^ [tr[-V(AF + FA-A 3 ) + ±(VA) 2 + V 3 A] + C 5 (g), 

here g G S ,4 G is extended to /} 5 G, in fact, we have such an extension by 
virtue of 7r 4 (G) = 1. C^(g) may depend on the extension but it can be 
shown that the difference of two extensions is an integer, and exp(27iiC 5 (g) ) 
is independent of the extension. 
We put, for f,ge S 4 G, 

= 4^L ^^XrW + lidgg-'r'df) 2 + 

+ (dgg- 1 ) 3 (r 1 df)}. (2.7) 

and 

Lo(f, g) = Tir'df, g) = 7 (/, g) + C 5 (g). (2.8) 
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Remark 2.1. Here we shall look at Mickelson's 2-cocycle for his abelian ex- 
tension of f2 3 G, [ 11 ]• The cochain a 4 in ( 2-5 ) is a one-cochain on the 
group S 4 G, valued in Map^A^R). The coboundary 5a 4 is given by 

Sa 4 (A: g 1 ,g 2 ) = dp + a^g^dgi, g 2 ) 

1 1 

P(A; 91,92) = -tr[-(dg 2 g 2 1 )(g^ 1 dg 1 )(g^ 1 Ag 1 ) - -(dg 2 g 2 l )(g^ 1 A gi )(g^ l d gi )}. 

Mickelson's 2-cocycle 7a (A; f, g) is defined as the integration of da^A; g±, g 2 ) 
over any region AcS 4 : 

1A (A; f, g ) = ^J^ 5a,(A; f, g). (2.9) 
But for A = S 4 it is independent of A and 

ls 4 (A]f,g) = / Sa 4 (A;f,g) 
Js 4 

= [ Mr 1 df,g) = i(f,g), (2.10) 
Js 4 

for /, g e S 4 G. Hence, instead of 75-4 (A; /, g), we use more simple 7(7, g) for 
our purpose. 

Remark 2.2. We have 

7 (F, G) = 7 d(A; F G) + 7D'(^; F, G), (2.11) 

for any A G A±. Here Z) is an oriented hemisphere of S* 4 and D' is the other 
hemisphere: D U D' = S A . 

Lemma 2.2 (Polyakov-Wiegmann). For f,g£ S A G we have 

C 5 (fg) = C 5 (f) + C 5 (g) + 7 (/, g) mod Z. (2.12) 

The following formula was proved by Mickelsson in Lemma 4.3.7 of his 
book [ 10 ] . 

C 5 (fg) = G 5 (/) + C 5 (g) + l3 4 (A; f, g) mod Z. 
Since 754(^5 /, g) = j(f,g) from ( 2.10 ) we have the proposition. 
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2.3 



Now we are prepared to define the line bundle WZ(<f>) over Map(dS A , G) = 0, 
and the section WZ(S A ) of the pullback line bundle of WZ{4>) by the empty 
restriction map r : S 4 G — ► 0. 

Let be the quotient of S 4 G x C by the equivalence relation; 

(f,c) ~ (g,cexp{2muj(f,f- 1 g)}). (2.13) 

Then is a line bundle over Map(dS A , G) = with the transition function 
exp{27ria;(/, f~ 1 g)}, which we shall define as WZ(<f>). Recall that S 4 G is 
contractible. We have then 

WZ((f)) ~ C. (2.14) 

The isomorphism is given by 

[f,c] _^ ceX p{-27riC 5 (/)}. 

It is well defined because of the Polyakov-Wiegmann formula. Let r*WZ(<fi) 
be the pullback line bundle of WZ(<p) by the empty restriction map r : 
S 4 G — ► 0. The section WZ{S A ) of r*WZ(<j>) over any / G S*G is given by 

WZ{S A ){f) = [f,exp{2mC 5 (f)}] E WZ {<[>). (2.15) 

By the isomorphism of (2.14) we can also write 

WZ{S A ) = 1 G c. 

We can define the product on the line bundle W Z{<p) ~ C in an obvious 
way, but we shall look this product more precisely, rather superfluously, for 
the sake of later sections. In S 4 G x C we define the product by putting; 

(f,a) * (g,b) = (fg, aft exp{27ri 7 (/, </)}). (2.16) 

Since the equivalence relation ( 2.13 ) respects the product, it gives a product 
on the line bundle WZ ((/>). The Polyakov-Wiegmann formula ( 2.12 ) is 
stated as follows. 

WZ{S A ){fg) = WZ(S 4 )(f) * WZ(S 4 )(g) for f,g G S 4 G. (2.17) 
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2.4 



In this paragraph we shall prepare some notations, definitions and elementary 
properties that will be used in the following sections. 

Let f2 3 G be as before the set of smooth mappings from S 3 to G = SU (N) 
that are based. Q 3 G is not connected but divided into the connected com- 
ponents by deg. We put 

n 3 G = {g en 3 G; degg = 0}. (2.18) 

The oriented 4-dimensional disc with boundary S* 3 is denoted by D, while 
that with oposite orientation is denoted by D' . The composite cobordism of 
D and D' becomes S A . We write as before DG = Map(D, G) and D'G = 
Map(D>, G). The restriction to S 3 of a / G DG has degree 0; f\S 3 £ tt 3 G. 

For an a G QqG we denote by Da the set of those g G DG that is a 
smooth extension of a, respectively D'a is the set of those g' G D'G that is 
a smooth extension of a. For / G Da and g G Db one has fg G D(ab), and 
every element of D(ab) is of this form. Similarly for D'(ab). We denote by 
g\/ g' G S 4 G the map obtained by sewing g G DG and g' G D'(g\S 3 ). 

The upper prime will indicate that the function expressed by the letter 
is defined on D', for example, 1' is the constant function D' 3 x — ► l'(x) = 
e G G, while 1 is the constant function D 3 x — > l(x) — e G G. We write 

D'f = {/' G D'G : f'\S 3 = f\S 3 }, Df = {feDG: f\S 3 = f'\S 3 }. 

Let f,g G DG and f\S 3 = g\S 3 . From ( 2.7 ) and ( 2.8 ) we see that 
7(/ V /', f- l g V 1') and u(f V /', f^g V 1') are independent of /' G Df; 

i{f v r x 9 v i') = ^^tr[(^ i )(rM/) 3 + l(^- i r 1 ^) 2 + 

+ (d^- 1 ) s (/- 1 4f)]- (2-19) 

Similarly, for /', ^' G D'G such that /'|,S 3 = ^'|5 3 . 7 ( 5 V g', 1 V (^O" 1 /') and 

u(g V (?', 1 V (g')~ 1 f) are independent of g G -D^'. Hence 

exp{2iriu(f V • , / _1 g V 1')} and exp{2niu(- V /', 1 V (/TV)} are constants 

ofC/(l). 

Definition 2.1. 1. We put, for f,g E DG such that /IS 3 = g\S 3 , 

X (f, g) = exp{2muj(f V • , f^g V l')}. (2.20) 
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2. We put, for f',g' G D'G such that f'\S 3 = g'lS 3 , 

X '(f, g') = exp{2muj( ■ V /', 1 V (/TV)}- (2-21) 

Lemma 2.3. 1. For f,g<E DG such that f\S 3 = g\S 3 , we have x{f, g) G 
U{1) and 

exp{27riC 5 (<7V/')} = exp{27nC 5 (/ V f')} X (f,g) for any f G D'f 

(2.22) 

2. For /', G D'G snc/i £/ia£ /'|S 3 = g'\S 3 ,we have x'(f',g') e «nd 

exp{27nC 5 (/V</)} = exp{27riC 5 (/V/ / )}x / (/ , , 5 / ), M any / G £>/' 

(2.23) 

The lemma follows from the Polyakov-Wiegmann formula. 

2.5 

Now we shall give two line bundles on Q^G that are dual to each other. We 
shall follow the arguments due to K. Gawedzki [ 7 ], that were developed to 
construct two line bundles in duality over the loop group LG and to give the 
definition of WZW action on a hemisphere. 
We consider the following quotient; 

L = D'G x C/ ~', (2.24) 

where ~' is the equivalence relation defined by 

(/', c') rJ (g\ d') if and only if | ^ = gl) (2.25) 

The equivalence class of (/', d) is denoted by [/', c']. We define the projection 

7r : L — ► n 3 G 

by 7r([/', c/]) = /'l^ 3 . L becomes a line bundle on Q^G with the transition 
function x(f',g')- 

More precisely, let a G f^G and take /' G -D'a. A coordinate neighbor- 
hood of a is given by 

U r = {g'\S 3 ; g'eV f ,} 

V f , = {g' G D'G, g' = expX • /' ; X G D'(LieG), \\X\\ < 5}. 
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The local trivialization of L is given by the map n 1 (£//') 3 [h',c'} — > 
(h'\S 3 ,c') ; 

tT 1 (U f >) ~ U r x C. 

The transition function Xu f ,,u , (b) of L at b G £/// fl C/ fl / becomes as follows. 
Let b E Ufi (~) U g >. Let /i' G V> and fc' G V> be such that h'\S 3 = k'\S 3 = b. 
For £ = [h 1 , c'] = [k', d'\ G vr _1 (6) we have obviously d! = x'(h', k')c'. Hence 

Xu f „u g ,(b)=x'(ti,k') (2.26) 

The line bundle L is what we wanted to construct and will be denoted 
by WZ(S 3 ). 

In regard to the involution axiom Al which WZ(-) is required to satisfy 
we must define another line bundle on Q^G corresponding to S* 3 with opposite 
orientation. This line bundle WZ((S 3 )') is defined by 

WZ{{S 3 )') = DG xC/~ (2.27) 

with the equivalence relation 

(/, c) ~ (g, d) if and only if j ^ = ^ g) (2.28) 

The projection vr : WZ((S 3 )') — »■ Vl 3 G is given by [f, c] — ► /|,S 3 . It is a 
line bundle with the transition function x{fi9)- 

WZ(S 3 ) and W Z ((S 3 )') are in duality so that the involution axiom Al 
is verified for these line bundles. In fact, the duality 

WZ(S 3 ) x WZ((S 3 )') — ► C 

is defined by 

< \f', c'], [f, c] >= cc'exp{-2«C 5 (/ V /')}, (2.29) 

where f\S 3 = f'\S 3 G fi^G. If we note the evident fact that j(F, 1 V ti) ( 
resp. "f(F, h V 1') ) in ( 2.19 ) is given by an integration over D' ( resp. D 
), we see that the product of transition rules ( 2.25 ) and ( 2.28 ) imply the 
transition rule ( 2.13 ) of WZ((f>); 

X(f, 9)x'(f, <?') = exp{27r^(/ V /', r X 9 V (Z')" 1 ^)}, (2-30) 

Hence 

WZ(S 3 ) ® WZ((S 3 )') = WZ(<j>). (2.31) 
Composed with ( 2-14 ) this implies the above duality. 
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2.6 

Let r : DG — > S 3 G and r' : D'G — > S 3 G be the restriction maps. 
We put, for / G DG, 

WZ(D)(f) = [/',exp{27nC 5 (/V/')}] G WZ(S 3 )\ r(f) . (2.32) 

Then we see from Lemma 2.3 that WZ(D) gives a non-vanishing section of 
the pullback line bundle r*WZ(S 3 ) . 

In the same way we put, for /' G D'G, 

WZ{D'){f) = [/,exp{27riC 5 (/V/ / )}] G W^((S 3 )')| r , (/0 . (2.33) 

WZ(D') defines a non-vanishing section of (r')*WZ((S 3 )'). 

Proposition 2.4. For f E DG and f G D'G such that f\S 3 = f'\S 3 . 

< WZ(D)(f), WZ(D')(f) >= WZ(S 4 )(f V /') (2.34) 

In fact both sides are equal to exp{27nC 5 (/ V /')}. 

2.7 

The total space of the pullback bundle r*WZ(S 3 ) is written as 

r*WZ(S 3 ) = {(/, A); / G DG, X = [f,c'\ G WZ(S 3 ) r(f) } . 

We define the product in r*WZ(S 3 ) by the formula; 

(/,A) * (g,fi) = (fg,u), (2.35) 

where, for A = [/', a'] G WZ(S 3 ) r(f) and /i = [g',b'\ G WZ(S 3 ) r{g) , v = 
[f'g', c'\ G WZ(S 3 ) r(fg) is defined by 

c' = a'6'exp{2«7(/ V/' )5 V g')}. (2.36) 

z/ does not depend on the representations of A and ji, and the product is well 
defined. 
We have 

WZ(D)(fg) = WZ(D)(f) * WZ(D)(g) for f,ge DG. (2.37) 
In fact, this follows from the definition 

WZ(D)(f) = [f',exp{2mC 5 (f W f')}] 
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and the Polyakov-Wiegmann formula. 

Similarly we have the product on (r')*W Z((S 3 )') over D'G. It is given 

by 

(/',«) *(</,/3) = (/'</, 7), (2-38) 

where, for a = [f,a] G W Z((S 3 )') r , (f) and (3 = [g,b] G W Z((S 3 )') r < igl) , 
7 = [fg,c] G WZ((S 3 Y) r , iflgl) is defined by 

c = abexp{2m 1 (f V f,g V «/)}■ (2.39) 

We have 

WZ(£>')(/y) = WZ(L>')(/') * ^Z(L>')(</) for /',<?' G D'G. (2.40) 

We note that product operations on r*WZ(S 3 ) and on (r')*WZ((S 3 )') 
are compatible with the duality 

r*WZ(S 3 ) x {r')*WZ({S 3 )') — ► WZ{<f>) ~ C, (2.41) 

that is, for (/, A), (0, /1) G r*WZ{S 3 ) and for (/', A'), (g', //) G (r')WZ((S 3 )') 
such that r(f) = r'(f') and r(g) = r'(g'), we have: 

< (/, A) * (g, //), (/', A') * (</, //) >=< A, A' > * < /i, // >, (2.42) 

the right-hand side being the product in WZ(<p) ~ C. 

2.8 

Next we define a connection on WZ(S 3 ). They are described as follows. Let 
b G fl^G and [/// be a coordinate neighborhood described in 2.5. On Up we 
put 

9 Uff (b)(X) = -^J tr(h^dh) 3 dX : (2.43) 

for h G D'6 and X G £>'(Lie G). We have 

6u g , = &u f/ + (xc/^.c/g,) 1 d>xu f ,,u g/ , 

where Xu f ,,u g , is the transition function of WZ(S 3 ) : 

Xu f „u gl (b)=x'(ti,k>), 

for ft/ G -D'fr fl Vp and fc' G D'b n . We have a well defined connection 6* on 
W^Z(S' 3 ). The curvaure of 6 becomes 

F(X, Y) = --L ^ tr(\/ 2 (XrfF - FrfX)), V = d/T 1 ^ 3 . (2.44) 
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The calculation for these formula is the same as in [6, 10, 11 ]. 

Similarly we have a connection on W Z ((S 3 )') represented by a formula 
parallel to ( 2.43 ) but integrated on D. 

On the pullback bundle r*WZ(S 3 ) there is an induced covariant deriva- 
tive: 

(rVM/) = (Vr.*r.a)(r(/)), 

where r*s is the section of WZ(S 3 ) defined by r*s(&) = s(f) = [f',c f ] G 
WZ(S 3 )b for a ( and any ) / G -D6. X is a vector field on D, hence r„I is a 
vector field on S* 3 . 

Similarly the covariant derivative on WZ((S 3 )') is defined. 

The sections WZ(D) and WZ(D') are parallel with respect to the respec- 
tive covariant derivation. This follows almost from the definitions by virtue 
of the infinitesimal form of the Polyakov-Wiegman formula: 

j t \ t=0 C 5 (fe tx ) = ^~ 3 J 4 Hr'dffdX, for X G S\UeG), f G S*G. 

(2.45) 

Proposition 2.5. 

VWZ(D) = (2.46) 
XjWZ(D') = (2.47) 

Remark 2.3. We could consider in the following construction of the WZW 
model those line bundles WZ n (S 3 ) associated to the n-th sector of Vt 3 G, but 
for a fixed n. However in the sequel we shall restrict our discussion only to 
the contractible component QqG. 

3 Construction of WZW actions 
3.1 

Let S G Ma. Then E is a conformally flat manifold with boundary <9£ = 
T = Uie/+ F» U Uie/- with Tj a parametrized round S* 3 in S. 

For a i G /_©/+, the parametrization defines the map pj : S* 3 — >■ Tj, and 
the map pi : TjC — > il 3 G, which we denote by the same letter. Then we 
have the pull-back bundle of WZ{S 3 ) ( resp. WZ{{S 3 )') ) by Pi . We define 

WZ(Ti) = p*WZ(S 3 ) fori el-, 

WZ(T t ) = p*WZ((S 3 )') for i G /+, (3.1) 
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then we have respectively 



WZiT'i) = p*WZ((S 3 )') for % G /_, 

WZ(r<) = p*WZ{S 3 ) for i G I+. (3.2) 

The line bundle WZ(T) is defined by 

WZiY) = ® ie i_WZ{Ti) ® <S>iei + WZ(Ti). (3.3) 

Now let a : S 3 — > S 3 be the restriction on S 3 of a conformal diffeomor- 
phism on S* 4 . First we suppose that a preserves the orientation. Then, since 
the transition function \ is invariant under a, the line bundle WZ(S 3 ) is 
invariant under a. If a reverses the orientation then D is mapped to D' and 
X is changed to x' ■ Then a*WZ(S 3 ) becomes WZ((S 3 )'). On the other hand 
the parametrizations pi are uniquely defined up to composition with confor- 
mal diffeomorphisms. Therefore WZ(T) is well defined for the conformal 
equivalence class of T G M. . 

The dual of WZ(T) is 

WZ(V) = ® ieI _WZ(r , i ) <g> Qiv+WZiVi), (3.4) 
and the duality; WZ(T) x WZ(T') — > C, is given from ( 2.29 ) by: 

< ® ie /- [// , c ;] ® ®;e/+ [ft, di] , ® ie /_ [/i, q] ® ®;e/+ [ft', > 

= IW_c^ • n je/+ ^< • exp{-2« ^ C 5 (fi V //) - 2tu C ^9i v 

iei"- iei+ 

The above defined WZ(T) satisfies axioms Al and A2. 
3.2 

In the following we shall define step by step the section WZ(E) of r*WZ(T) 
for any £ G .M 4 with the boundary <9£ = T and r : EG — > TG. 

We obtain a compact manifold S c G -M 4 without boundary by sewing a 
copy A of .D along Tj for i e I_ and a copy D- of £)' for i G /+; 

S c = (U ie7 _ A) Uu^r, S U U/+ r, (U i6/+ A)- 

For each boundary component r, of T the parametrization pi is extended 
to a parametrization pi : A — ► -D if « G i_, and p« : A — > D' if i G i+. 
The extension is unique up to composition with conformal transformations, 
see 1.1. 
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We put 

WZ(Di) = (pi)*WZ(D) (3.5) 
WZ{D[) = (pi)*WZ(D'). (3.6) 

For % G J_, WZ(Di) is a section of the pullback bundle of WZ^i) by the 
restriction map : DiG — > TjG, and W Z{D' i ) is a section of the pullback 
bundle of WZiT'j) by the restriction map r[ : D[G — > YiG . Similarly, for 
% G /+, WZ(D' i ) defines a section of the pullback line bundle of WZ(Ti) by 
r'i, and WZ(D-) is a section of r\WZ{£'>) . 

1 Let Ei G A^4 and suppose that the compactified space (Sx) c is simply 
connected, that is. Si is a subset of S A deleted several discs Df,i G J_ and 
D'f,i G i+ with parametrized boundaries T = Ui e i_Ti U Ui e i + Ti. Let 

$i = ®iei + WZ(Di) <g> ® ieI _WZ(D$. (3.7) 

$i is a section of the pullback bundle of WZ(T') by the restriction map 

(u i6/ _z>; u u ieJ+ A) G — > (u je/ _r, u u je/+ r,) c. 

Then WZ(Y,i) is defined by the duality relation; 

< WZ(Ei), $i >= WZ(,S 4 ) = 1. (3.8) 

In fact, given / G SxG, take /, G -DjG, i G i+, and // G D^G, i G J_, 
in such a way that = fi\Ti, i G i+, and = //iTj, i G i_. Let 

= (fi,Ui), i e /+, and = (/>$), J G /_. By the 

definition 

^^(r;) r ,(/,), and u'^WZiY'^. 

Then $i((/i) ie j + , = {{fi)iei+, ® ie i + u i ®® jeI _u > j ). There is 

a 

wG^wzcrOr^)®®^/-^^^) = wz(r) r(/) . 

such that < f, ®i^i + Ui <E> <S>jei- u j >= 1- The definition of WZ(Di) and 
WZ{D' i ) imply that i> is independent of {/j, //}, but depends only on /. 

Thus WZ(Ei)(/) = (/, f) is well defined as a section of the pullback 
bundle of WZ{T) by r : EiG — ► TG. 

2 Let E = S 3 x [0, 1]. We define 

WZ(E ) = lyvzas'ty^wzis 3 )- (3-9) 

Then we have 

< VyZ(E ), WZ(D) <g> WZ(D') >=< WZ(D), WZ(D') >= 1. 
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This is concordant with the definition in paragraph 1 . 

3 We shall call a E x G .M4 described in 1 that is not of cylinder type a 
basic component. Any E G .M4 can be decomposed to a sum of several basic 
components that are patched together by their parametrized boundaries: 

E = uf =1 E fe . (3.10) 

The incoming boundaries of E fe coincide respectively with the outgoing bound- 
aries of up to their orientations , that is, rf _1 = (1^)', and E is ob- 
tained by patching together these boundaries. Then there is a duality of 
WZiT'y- 1 ) = (p^yWZdS 3 )') and WZ{T\) = (pf)*W Z (S 3 ) . Using a suit- 
able Morse function on E, we may suppose that the parametrized boundaries 
Tf, i G I of E are all contained in the boundary <9Ex and 1^; % G i+ are in 
<9£tv. Then we define 

WZ{^ 2 U Ei) =< WZ{^ 2 ), WZ(Iq) > . (3.11) 

Here < , > is the natural pairing ( contraction ) between the line bundles 
(g) ieI _WZ(Ti) <g> ® jeJ i WZfo) and ® jeJ 2 WZ(rj) ® (g) k&J ^WZ(T k ) . Here 
we have written dE 1 = U jeJ ^Tj \J U i€l _Ti and <9E 2 = U fegJ 2 T fe |J U ieJ 2 T i; 
hence H / Z(E 2 UE 1 ) is a section of the pullback line bundle of ®i e i_W Z(Ti) <g> 
®k£j\ WZ(Y k ) by the boundary restriction map 

r : (E 2 U Ei)G — > U ieI _Y t G U U feeJ 2 r fe G, 
see the explanation after A3 of 1.2. 

Lemma 3.1. Let E = Ei U E 2 U E 3 . Let their boundaries be 

9Ei = 71 u r 2 u r 3 , <9E 2 = 7 2 u r' 3 u r\ and <9E 3 = 73 u r; u r 2 . 

Then we have 

< < WZ(Ei), WZ(E 2 ) >, VyZ(E 3 ) >=< WZ(Si), < WZ(E 2 ), WZ{^) > > 

(3.12) 

This is merely the problem of forming a tensor product of several line 
bundles, that is a commutative operation. 

By virtue of this lemma we can form successively 

WZ(Y* k U E( fe _!) • • • U Ei) 

=< WZ(Z k ), < WZ(E( fc _i)), • • • , WZ(E0 >•••>. (3.13) 
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This is independent of the order of partition and is also independent of how 
to decompose E^ = S fe US( fc _!) • • -UEi, but depends only on E^. Therefore 

WZ{T) = WZ(E N U £ (7V _i) • • • U Ei) 

is well defined as a section of the pullback line bundle of <S>j e /_ WZ(Ti) <g> 
® i( zi + W Z{Ti) by the boundary restriction map. 

From the construction WZ(H) satisfies axiom A3. 

Now let E G M.^ be compact without boundary. Let E x and E 2 be the 
basic components such that E = Ei Ur E 2 . Suppose that 

0£i = r = u ie/ r^ , «9E 2 = r = u^r, . 

Then from the definition of WZ(Ei), % — 1,2, we see that: 

WZ{T) = < WZ^XWZ^x) >=< ® ieI WZ(D?),® ieI WZ(D i ) > 

= 5> 

Thus we have the following 

Proposition 3.2. For any E G .M4 which is compact without boundary 
WZ(E) is a positive integer. 

Proposition 3.3. Let E G M.^ and let E* J be obtained from E by identifying 
the boundaries Yi,i G and Tj,j G I+, via pj ■ (pi)' 1 : r, — ► Tj. TTien 

W^(E ij ) = T rij WZ{Y), (3.14) 

where Trij are the trace maps ( contraction ) between r*W Z (T'j) andr*WZ(Tj) 
in the tensor product <2)kei_WZ(r' k ) ® ®i & i + W Z(Ti) . 

Connections on WZ(Ti) and WZ(T'?) are defined naturally as the induced 
connections by ( 3.1 ) and ( 3.2 ). Obviously WZ(Di) and WZ(D' i ) are 
parallel with respect to these connections. By the formulas of definitions ( 
3.3 ), ( 3.8) and ( 3.13 ) we have a naturally induced connection on W Z{T) 
with respect to which WZ(T,) is parallel. Therefore axiom A4 is verified. 

Remark 3.1. Let E G M.± and the boundary T = <9E be such that T = 
Uie/+ ^ i ^ Uie/- n with Tj a parametrized round S 3 . Let r± denote respec- 
tively the restriction maps onto ® j 6 / ± (TiG) . Then 

WZ{T) : (®, e/ _ W^(r,)) — (®, e/+ W^(r,)) . 

VFZ(E)(/) for / G EG is the higher- dimensional parallel transport along the 
"path" /, [ 19 ]. When J+ = or /_ = we call WZ(E)(f) the higher- 
dimensional holonomy along /. 
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3.3 



To see that the functor WZ satisfies the axioms of WZW model it remains 
for us to verify the axiom A5, the Polyakov-Wiegmann formula on every 
S G M.±. We have already seen the Polyakov-Wiegmann formula on S 4 G, 
DG and D'G in ( 2.17 ), ( 2.37 ) and ( 2.40 ) respectively. 

Let E G M.A with parametrized boundaries V = Ui(zj_Ti U Uj e i + Fj . We 
shall use the same notation as in 3.1 and 3.2. Then the product on each 
pullback line bundle r*WZ(Ti) , (r , )^WZ(T i ), rfWZ(T$ and (r')* WZ(rj) 
is defined in an obvious manner, and the non-vanishing sections W Z{D^) and 
WZ(D' i ) for % G I± satisfy the respective Polyakov-Wiegmann formula 

WZ(Di)(fg) = WZ(Di)(f) * WZ(Di)(g), etc.. 

The products on the line bundle S = (g) jeI _(r' j )*WZ(T j )(g)(g) ieI+ (r i yWZ(T i ) 
and on the line bundle S* = 8 jeL (rJ.)WZ(rj-) <g> ®ieJ + (r») *WZ(V' i ) are de- 
fined by tensoring the product on each r*WZ(Ti), etc.. We note also that 
the products are compatible with the duality: 

< a * (3, X * [l >=< a, X > * < (3, /i >, 

for a, (3 G S and A, /i G S*. Where the product in the right side is that in 
WZ((j)) ~ C. 

Now suppose that E is a subset of S 4 deleted several discs Dj, % G I± . 
Let r : EG — > TG be the restriction map. Then the product on r*WZ(T) 
is derived from the product on S. In fact, if we write r(f) = (rj(/j); i G 
J+, r'j(fj); j G L ) as in the argument of 3.2, then WZ(T) r ^ = SV^/p^/i), 
so the product on 5 yields that on r*WZ(T), which is seen to be independent 
of the choice of {/j, /j}. 

Let $i = ® ieI+ WZ(Di) ® ® jeI _WZ{D' j ) . $i is a section of the line 
bundle S* and satisfies 

$i(/V) = $i(/0*$iG/), 

for f',g' G ® ieI+ DiG ® ia _D\G . Since the section WZ(Y) of r*WZ(T) 
was defined by the duality; < WZ(E), $i >= W^(,S 4 ), we have 

< WZ(E)(/</), >= W^(S 4 )(/s V /V) 

= W^(S 4 )(/ V /') * WZ(S 4 )( 5 V </) =< ^Z(E)(/), $:(/') > * < WZ(E)(<7), ^Q/) > 
=< WZ(E)(/) * WZ{E)(g), ^(f'g') >, 

for any /, g G EG and for /' and g' that are extensions of / and g to Uj e j-_Z^U 
Uj e i + Dj respectively. Therefore we have 

WZ{Y){fg) = WZ{Y){f) * WZ(E)(g), 
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for f,ge EG. 

Let E = Ex U r E 2 . The product operations on (rj)*WZ(rj), i — 1,2, are 
compatible with the contraction, in particular we have 

< WZ^ih) * WZ^ 1 )(g 1 ) , WZ(E 2 )(/ 2 ) * WZ(E 2 )(g 2 ) > 

= WZ{Y){f)*WZ{Y){g), (3.15) 

where f,g e EG and = /|Ei, i — 1,2 etc.. For a general E e .M4 the 
formula follows from ( 3.14 ) and the definition of WZ(E) in ( 3.12 ). Thus we 
have proven the following generalization of the Polyakov-Wiegmann formula. 

Theorem 3.4. 

WZ{Y){f) * WZ{Y){g) = WZ(E)(fg) (3.16) 

for f,gem. 

4 Extensions of the group QqG 

It is a well known observation that the two-dimensional WZW action gives 
a geometric description of the central extension LG of the loop group LG. 
The associated group cocycle yields a Lie algebra cocycle for the affine Kac- 
Moody algebra based on Lie(G), [ 2, 7 ]. The total space of the U{1)- 
principal bundle LG was described as the set of equivalence classes of pairs 
(/, c) G D 2 G x U{1), where D 2 is the 2-dimensional disc with boundary S 1 . 
The equivalence relation was defined on the basis of Polyakov-Wiegmann 
formula [ 13 ], as it was so in our four- dimensional generalization treated in 
section 2. 

Associated to the line bundle WZ(S 3 ) there exists a [/(l)-principal bundle 
over QqG. However this bundle has not any natural group structure contrary 
to the case of the extension of loop group. Instead J. Mickelsson in [ 11 ] 
gave an extension of Q^G by the abelian group Map(Az,U{l)), where A3 
is the space of connections on S* 3 . In the following we shall explain after [ 
10 ] two extensions of Q^G by the abelian group Map{A^, U{1)) that are in 
duality. 

4.1 

We consider the quotient space 

QG = D'G x Map(As,U(l))/ ~', (4.1) 
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where ~' is the equivalence relation defined by 

(/', A) rJ (g>, „) if and only if { ^ = ^ for anyA £ ^ 

(4.2) 

The projection vr : ftG — ► ftgG is defined by tt([/', A]) = /'l^ 3 . Then fiG 
becomes a principal bundle over Q^G with the structure group Map(Az, U (1)). 
Here the U(l) valued transition function flO i s considered as a constant 
function in Map (A3, U(l)). 

The group structure of QG is given by the Mickelssons 2-cocycle ( 2.9 ) 
on D'\ 

lD ,(-,f,g'), £orf,g'eD'G. 
We note that, since it is the coboundary of 
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jdi is in fact a cocycle. We define the product on D'G x Map(A%, U(l)) by 
(f,A)*G/,/i) = (/V,AO/'(-)exp{27ri 7D ,(A;/',^)}), (4.3) 

where 

^(A) = i^ 3 )- i A(f is 3 ) + (ri5 3 )-M(ri5 3 )). 

Then D'G x Map(A%, U(l)) is endowed with a group structure and QG in- 
herits it. The group Map(At,U(l)) is embedded as a normal subgroup in 
fiG. Thus QG is an extension of Q^G by the abelian group Map(A%, U(l)) 
, [ 10, 11 ]. 

We have another extension of QlG by Map(Az, U(l)) if we consider 

&G = DGx Map(A 3 , 17(1))/ ~, (4.4) 
where the equivalence relation ~ is defined by 



(/, A) ~ (#,//) if and only if 



/|S 3 = s|S 3 

/i(A) = A(A) X (/, <?) for anyA e „4 3 - 

(4-5) 

The product on Q'G is defined by the same way as above using the 2-cocycle 
7d(A; /, g) of ( 2.9 ), and Q'G becomes a extension of Q^G by the abelian 
group Map(A 3 ,U(l)). 

The group Map(„4 3 , C/(l)) acts on C by A-c = A(0)c. Then the associated 
line bundle to QG is WZ(S 3 ) and that associated to Q/G is ^((S 3 )'). 
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Remark 4.1. Consider the empty three manifold and look it as the bound- 
ary of S A . Then we may follow the above definition to have an extension of 
<j)G by Map(A 3 , 17(1)). It becomes $G = S 4 G x Map(A 3 , 17(1))/ ~, where 

(F, A) ~ (G, //) if and only if /j,(A) = exp{2mco(F, F^G)}X(A) for any A. 

Then, since (F, A) ~ (.F,A(0)), it reduces to = 5 4 G x C/(l)/ ~, that is, 
<f)G ~ C7 (1). The product in 0G may be defined by the same formula as in 
( 4.3 ), but we have seen that it reduces to that of ( 2.16 ) because of the 



where on the right hand side we used the product in <pG ~ U(l). In fact, 
suppose that (/', A) ~' (</,//) and (/, a) ~ (g,P) ■ Then we have 



V(A)P(A) = \(A) a (A)exp{2m[ lD ,(A;f,g>)+ lD (A;f,g)]} (4.7) 



Here we used the relation ( 2.11 ). 

The Lie algebra cocycle corresponding to the group cocycle 7d is calcu- 
lated in [ 11 ]. It is given by 



The Lie algebra cocycle corresponding to the group cocycle ^b 1 is given 




X(A)a(A)exp{2m 1 (fyf',gVg')}. 



(4.8) 




(4.9) 



by 




c(A;X,Y) 



(4.10) 



4.2 



Remarks 



1 The Euclidean action of a field ip : E 
theory is defined as 



G in WZW confomal field 




(4.11) 
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Sx(<p) is invariant under a conformal change of metric and the second term 
Cs(y?) is required to obtain a conformal invariance of the action. This was 
shown by K. Fujii in [ 6 ], and first noticed by E. Witten in [ 20 ] for the 
two-dimensional WZW model. The kinetic term in ( 4.11 ) is linear with 
respect to the multiplication of the fields; 

/ tridUg)- 1 A *d(fg)) = [ tr{df- 1 A *df) + / t^dg' 1 A *dg) (4.12) 
js Jt, Jt. 

and does not affect the Polyakov-Wiegmann formula. Hence we prefered only 
to deal with the topological term Ce(/), [ 3 ]. 

2 The argument in this paper will be valid also for 2n-dimensional con- 
formally flat manifolds with boundary if the Lie group G = SU (N) is such 
that TV > n + 1, in this case we have 7r 2ri (G) = and 7r 2n+ i(G) = Z. We 
shall have also the abelian extensions of Vt^^G by Map(A2n-i, U(l)). For 
that purpose we must have the Polyakov-Wiegmann formula for the action 
functional 

<W/) = To n Jo -^-n f Hg-'dg) 2 ^ 1 , g G S 2n G. 



(2n- l)!(2 7 ri) 2 ^- 1 ) 



£)2n + l 



See [ 6 ]. It seems that Polyakov-Wiegmann formula has not yet been proved 
for general n larger than 3. 

3 Losev, Moore, Nekrasov and Shatashvili [ 9 ] discussed a four-dimensional 
WZW theory based on Kahler manifolds. Their Lagrangian is defined by 

_ _L f u A Tr{g- l dg A *g- 1 dg) + ^- f to A Tr{g~ l dgf. 

47T 7 S 127T y Sx [ 0) i] 

The theory has the finiteness properties for the one-loop renormalization of 
the vacuum state. The authors studied the algebraic sector of their theory. 
The category of algebraic manifolds is not well behaved under contraction, 
hence their theory does not fit our axiomatic description. 

4 S* 4 is obtained by patching together two quarternion spaces and we 
have the conjugation q — > q^ 1 on it. Under the conjugation WZ(S A ) is 
invariant but WZ(D) and WZ(D') will interchange. Since the conjugation 
inverts the orientation, WZ(E) is invariant under the conjugation of S. We 
can convince ourselves of this fact if we follow the argument to define WZ(E) 
for a E G _A4 4 . This is the CPT invariance. 
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